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Let G be a locally compact group and let I’(G) be the Schwartz-Bruhat space of 
distributions on G having compact supports. For compactly generated abelian 
groups G we prove that every translation-invariant linear form on &Y’(G) is con- 
tinuous iff for some n E N, G contains elements a,, . . . . a, which form a non-Liouville 
n-tuple on G. $: 1988 Academc Press, Inc. 
1. INTRODUCTION 
Let a’( Iw) and g’(T) denote respectively the spaces of compactly suppor- 
ted distributions on [w and the space of all distributions on the circle group 
T (see Ref. [16]). Meisters and Kregelius Petersen proved that if L is a 
linear form on b’(R) which is invariant under translations by elements 
a,, . . . . a,~ [w that are not simultaneously rapidly approximable (by 
rationals), then L is a multiple of the linear form fin taking S to S( 1) 
(where 1 is the constant function). They also showed that if L is a linaer 
form on 9’(T) which is invariant under translation by an irrational non- 
Liouville number, then L is a multiple of the linear form fiT taking S to 
S( 1) (see Refs. [S, 7, 9, lo]). In particular, L must be continuous. 
There are many results concerning the more general problem whether 
the only translation-invariant linear functionals on certain spaces B of 
functions or distributions on a locally compact group G are multiples of 
the Haar integral (see Refs. 14, 6, 8, 11, 13, 14, 191). The answers to this 
problem differ very much depending on the structure of G and the choice 
of 9. 
In this note the above results of Meisters and Kregelius Petersen are 
extended to d’(G), the Schwartz-Bruhat space of all compactly supported 
distributions on G where G is a locally compact abelian group. We do this 
by generalizing the theorem of Meisters on B’(T) to arbitrary compact 
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abelian groups and by reducing the general case first to the compactly 
generated and then to the compact case. Let G be a locally compact group. 
For a complex-valued function f on G and x E G, we denote by “f the 
function defined by “f(y) :=f(x- ‘,v) (y E G) (“left-translation off by x”). 
Let d(G) be the Schwartz-Bruhat space of all regular test functions on G 
(if G is a Lie group, then B(G) = C”(G) equipped with its usual locally 
convex topology) (see Ref. [ 11). As translations are continuous on E(G), 
we also have translations on g’(G) (dual space of d(G)): for SE g’(G), 
x E G, f~ b(G) we define .‘S(f) := S(-tf). For a subset B of G let d B(G) 
denote the vector subspace oft b’(G) spanned by all differences S- ‘S, 
SE b’(G), x E G. We define U,(G) to be the vector subspace of the 
algebraic dual (a’(G))* of B’(G) consisting of all left-translation-invariant 
linear forms on a’(G). The elements of TI,(G) are called TILFs. It is easy 
to see that U,(G) is algebraically isomorphic to the (algebraic) dual of 
&‘(G)/d.(G). Obviously the linear form &: 8’(G) + rC, SH S( 1 ), is a con- 
tinuous element of TI,(G j. 
The main results of this note are: 
THEOREM 1. Let G be a locally compact abelian group. Then the follow- 
ing statements are equivalent: 
(a) dim TZ,(G)= 1 and 
(b ) for all compactly generated open subgroups H of G there are 
elements a,, . . . . a,, E H such that dim TZ{,,, ,,,, LlnJ (H) = 1. 
THEOREM 2. Let G be a locally compact compactllv generated abelian 
group. The following are equivalent: 
(a) dim TI,(G) = 1 and 
(b) G possesses elements a,, . . . . a,, (n E N ) such that (a,, . . . . a,,) is a 
non-Liouville n-tuple on G and dim TI; ‘,,, Un, ,,,, h,,)(G) = 1, where 6, , . . . . b,, 
are generators qf a discrete subgroup H of G such that G/H is compact. 
2. NON-LIOUVILLE n-TuPLEs ON COMPACT ABELIAN LIE-GROUPS 
Let G be a compact abelian Lie-group. Then, as is well known (see [ 15, 
Theorem 6.20 and Proposition 4.14; (24.45)]), there exists a nonnegative 
integer m and a finite abelian group F such that G = T” x F. By G we 
denote the dual group of G which can be identified with Z” x F. 
For elements a,, . . . . a,,ER”‘(n,mEN,n~ 1)wecall (zzm(a,) ,..., xzm(a,)) 
a non-Liouville n-tuple iff the following condition is satisfied 
(nnm: KY” 4 [Wm/H”’ z T’” denotes the canonical epimorphism): 
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There are real numbers C, b > 0 such that for all k E Z”\ { 0) 
(where [x] means the minimal distance from the real number .Y to an 
integer and (:,. ) denotes the usual scalar product on R”‘). 
Using the elementary inequality 
it is easy to see that (1) is equivalent to: 
There are real numbers C, b > 0 such that for all k E Z”‘\ (0) 
,g, I1 -e-- ‘nr(k.ub)l 2 C(l + lkl)mh. 
Motivated by (3) and the fact that the mappings 
T”’ + @, 77&s) k+ e2rr’ck-‘j (kEP) 
(2) 
(3) 
are exactly the characters of T”‘, we also define non-Liouville n-tuples 
for G: 
For n 2 1, a,, . . . . a, E G we say that (a,, . . . . a,) is a non-Liouville n-tuple iff: 
There are real numbers C, b > 0 such that for all 5 E G, r = (k, x), k E Z”, 




Remark. It is easy to see that for m = 0, that is, if G is finite, (a,, . . . . a,) 
is a non-Liouville n-tuple iff a,, . . . . a,, generate G. 
Now we will prove the following theorem, which is a generalization of 
Theorem 2 for the special case of compact abelian Lie groups: 
2.1 THEOREM. For G = T”’ x F (m E N, Ffinite abelian group) and u sub- 
set B CI~ G, the following conditions are equivalent: 
(a) dim TZ,(G)= 1 and 
(b) there are elements (I,, . . . . a,, E B such that (a,, . . . . a,) is a non- 
Liouville n-tuple. 
Before we prove this theorem we note that, G bing compact, d’(G) is 
equal to Y’(G), the convolution algebra of all tempered distributions. If 
the Fourier transform 9 on Y’(G) is defined by S(S)(t) := S(r), .9 is 
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an algebra isomorphism which maps Y’(G) onto the algebra of point- 
wise addition and multiplication Y’(&= (fPxF+C~3,,,,V,~,- 
IfW, .x)1/( 1 + WI Y + 0 for WI + w ) (“slowly increasing functions on 6’; see 
[ 16, Chap. VII, Sect. 1; 91). By Y;(G) we denote the ideal 
(fELfqG)If(O,O)=O) of Y’(G). 
It is easy to see that for BcG, d,(G) equals ((c~-~~I~EB}) :=ideal 
of Y’(G) generated by (6 - “b I UE B}, where 6 denotes the delta-dis- 
tribution defined by S(f) :=f(O) forfEb(G). Because (a) in Theorem 2.1 is 
equivalent to 
(a’) Ker & = d,(G) (for the definition of & see Section 1) 
and J maps Ker ,& onto Y;(G), (a) is also equivalent to 
(a”) Ypb(G)= ((f,/a~B}) :=ideal of ,Y’(G) generated by 
{f,(aEB}wheref, is defined byf,(<) :=R(b-“b)(t)= 1-5(a) for {EG, 
a E B. 
Because Y;(G) has a unit (namely 1 O:G+C, 10(<)=Oift=(O,O), =l if 
r # (0, 0), it is easy to see that (a”) is equivalent to 
(a”‘) Y;(d) = ( (f,,, . . . . fU,} ) for certain a,, . . . . a, E B. 
So the main part of the proof of 2.1 is contained in the following 
“generating theorem” for Ypb(G). This theorem is a “discrete” version of a 
theorem of Hiirmander (see Ref. [3, Theorem 11) used by Meisters and 
Kregelius Petersen to prove their result on b’(R) (see Ref. [lo]). 
2.2. GENERATING THEOREM. Let f, , . . . . fn be elements of Y;(G). The 
following are equivulen t : 
(a) K,(G)= (if,, . . ..f.}) und 
(b) for all 5 E e’, 
and the function 




is an element of Yb(C). 
Proof of the Generating Theorem. (a) * (b): From (b) it follows that 
there are elements g, , . . . . g,i E Y’;(G) such that 
l,= i: g,.f,. 
1’ = 1 
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Hence we have for 4 E 6, < # (0,O) that 
We obtain X:=, If(<)1 # 0 and 
whence g as defined in (b) is an element of 9$(d). 
(b)*(a): It is sufficient to show that there are elements 
g,, . . . . g,,EYb(d) such that 10=Z:t=, .f,g,,. 
We define g,, . . . . g, by setting 
I.f”c~,l-’ ift#0,fv(5)=maxIGpGn Ifp(C 
g,(5) := and&(<) <fi(<) for all P-C v 
0 otherwise 
for 5 E 6, 1 < v d n. Since for all s’ E 6, 5 # (0, 0), 1 Q v <n, 
we obviously have g,) . . . . g,,E 9’;(G), and it is easy to see that 
Ix:= I .f,,gv= 1,. 
Proof of 2.1. In view of the considerations above it will be sufficient to 
prove that for elements a,, . . . . Q,, E G the statements 
(a”) Yb(@ = ((f,,, . . . . fun> > and 
(b) (a,, . . . . a,) is a non-Liouville n-tuple 
are equivalent. 
If (a”) holds it is seen from 2.2 that there are constants C, b > 0 such that 
for r E G, 5 7 (k, x), k E Z”, x E F, 5 # (0, 0), 
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This implies 
so (b) is fulfilled. 
On the other hand, if (a,, . . . . a,) is a non-Liouville n-tuple, we derive 
from (4) that there are constants C, b > 0 such that 
for 5 = (k, x) E 6, ke H’“, .Y E F, 5 # (0, 0). Sof,,, . . . . f,, fulfill condition (b) 
of 2.2; by 2.2 we obtain ( {f,,, , . . . . fU, ) ) = Y;(G). 
3. NON-LIOUVILLE ~TUPLES ON GENERAL COMPACT ABELIAN GROUPS 
Let G be any compact abelian group. Then G is the projective limit of a 
family (G,),.A of (compact) abelian Lie-groups G, such that for any c( E A, 
G, = G/H, for a closed subgroup H, of G, H, c H, for c(, fi E A, c( 2 /I, and 
n ;rEA H, = {e) (see Ref. [ 12, Theorem 4.61). 
Being a compact abelian Lie-group, each G, (a E A) must be of type 
T”l x F, (n, E N, F, finite abelian group). For elements a,, . . . . uI, E G we say 
that (a,, . . . . a,,) is a non-Lioudle n-tuple iff 
VT, A(prz(af ), . ..? pr,(a,,)) is a non-Liouville n-tuple on G, 
(where prx: G + G, denotes the canonical projection). This definition does 
not depend on the selection of the family (G,),, A. 
G being compact, 6’(G) equals Y’(G), which is the projective limit of the 
family (Y’(Gx)),,A (see Ref. [ 1, 93). Defining the Fourier transform S on 
Y(G) as before in Section 2 by S(S)(<) := S(r) (< E G’, G dual group of 
G), we see that 3(9’(G)) can be identified with the algebra &’ := fi,,, 
T;‘(Y’(d,)) (where T,: {fly: d --* QZ} + {flf: 6, -+ @}, fbf,Ipr: and 
where pr;: G’, + G denotes the “dual” mapping corresponding to the 
canonical projection pr,: G -+ G,). It is easy to see that d is the projective 
limit of the family (Y’(G,)),E,4. So we can identify the algebras d and 
Y(G), where Y’(G) is the projective limit of the family (Y’(G,)),,,. As 
before we denote the ideal {f~Y(G)lf(o) =0} by &(G) and notice that 
Y;(G) possesses the unit element lo defined by 
lo(<) := 1 for <#O 
=o for <=O. 
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Now we can exten 2.1 to the general compact abelian case: 
3.1. THEOREM. For a compact abelian group G and a subset B of G, the 
following conditions are equivalent: 
(a) dim n,(G)= 1 and 
(b ) there are elements a,, . . . . a,, E B such that (a,, . . . . a,,) is a non- 
Liol4cille n-tuple. 
For the proof of 3.1 we use a generalization of 2.2: 
3.2. GENERALIZED GENERATING THEOREM. Let f, , . . . . f,, be elements of 
Y;(6). The following are equivalent, (let ( Y) again denote the ideal 
generated by a subset Y of a ring R): 
^ 
(a) (j.f,,...,.f,))=~b(G), 
(b) v,.rl(j.f,.:pr:,,...,fr,-pr:,j-)=Yb(~’l), and 
(c) V...,, V;Ee,, x.:1=, I(fV:pr:,)({)#O and thefunction 
is an element of sPb(d,). 
Proof (a) =S (b): Let c( be an element of A. 
By (a) there are elements g,, . . . . g,, E Y;(G) such that 1, = x;=, g,. f,,. If 
we denote by 1; the unit element of ,Yb(d,) we have 
lg=l:pr:= 
( > 
f gJ,, :pr:= i (g,,:pr:)(f,,cpr:). 
v=l v=l 
As g,, 0 pr:, E 9’b(G,) for all v E (1, . . . . n}, 1; is an element of 
({f,,~pr:,...,f,opr:,)). 
(b) * (c): Follows immediately from 2.2. 
(c)a (a): It is sufficient to show that 1, is an element of 
( u-1 1 .‘.Y .f, 1). 
For all c( E .4 we define g;, . . . . g;E.Yb(GZ) as in the proof of (b)*(a) 
in 2.2 (with f, 3 pr:, . . . . f0 0 pr; instead off, , . . . . f,Z). Since 6 = IJ z t ,,, pr:( 6,) 
and since g: c prb, = gC (where prBZ: G, = G/H, -+ G, = GjH, denote the 
canonical epimorphism) for all 1 < v < n and ct, /I E A, x < 8, we can define 
elements g,, . . . . g, E Ypb(6) by g,(pr:(<)) := g:(t) for 5 E G,, c1 E A. 
As l;=C;=, g:(fcpr:) holds for all HEA, we also have 10=x:=, g,f,,. 
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Proofof3.1. It is easy to see that, as in Section 2, it is sufficient o show 
for a,, . . . . a,, E G the equivalence of the statements 
(a”) Yb(~)=({f,,,...,f,~}) and 
(b) (a,, . . . . a,,) is a non-Liouville n-tuple (where f, (a E G) is defined 
analogously as in Section 2). 
This equivalence holds by 3.2 (note that f, 0 pr: = fpr,,u, for all a E G, a E A ). 
4. REDUCTION RESULTS 
In this section we show how the study of TILFs on F’(G) for general 
locally compact abelian groups G can be reduced to the study of TILFs on 
a’(G) for compact abelian groups G. The following reduction results are 
the analogues for b’(G) of results obtained in [ 131 for X(G) (space of all 
continuous functionsf: G + @ with compact support) and in [4] for 9(G) 
(subspace of b(G) consisting of all elements of B(G)’ having compact sup- 
port). These reduction results are valid for general (not necessarily abelian) 
locally compact groups. 
Reduction 1. Let G be a locally compact group and H an open sub- 
group of G. Then 
TZ,( H) z TZ,( G). 
Reduction 2. Let G be a locally compact group, H a closed normal 
subgroup of G, and B a subset of G. Then TI,,,,,(G/H) is isomorphic to a 
subspace of U,,,(G) (where IC “: G + G/H denotes the canonical 
epimorphism). 
Reduction 3. Let G be a locally compact group, H a normal subgroup 
of G whose relative topology is discrete, and B a subset of G. Then 
TI rrHCB,(G/H) is isomorphic to TI,, JG). 
The proofs of these reduction results are only modifications of those in 
c 13,41. 
The main idea for the proof of Reduction 1 is to show that the dual map- 
ping q’: (J?‘(H))* + (d’(G))* of the linear operator cp: d’(G) + C(H), 
SHCreR (“-IS) /9(H) (where R is a complete set of representatives of the 
left cosets of H in G) induces an (algebraic) isomorphism from TZ,(G) 
onto TZ,( H). 
To prove Reduction 2 one shows that the linear operator T’,: &“(G) + 
C(G/H), S H T”(S), where T,(S)(f) := S(fi rcH) for fe B(G/H), is surjec- 
tive and that its dual mapping p:, induces an isomorphism from 
TILFs ON b’(G) 9 
TI,,,,,(G/H) onto a subspace of TI,,,,(G). It is easy to see that F:, is an 
extension of the linear operator T H: X(G)-+ X(G/H) defined in [13, 
Proposition 31. 
If H is discrete it can be shown that pH induces an isomorphism from 
TI,,,,,,(GIW onto TI,,, (G) (compare with the proof of Theorem 5 
in [ 13]), which is the statement of Reduction 3. 
As any locally compact abelian group G has an open compactly 
generated subgroup G and any compactly generated abelian group G has a 
discrete subgroup H such that G/H is compact (see Section 5), the TILF 
problem on B’(G) (for G abelian) in fact can be reduced to the compact 
case by the above reduction results. 
5. THE GENERAL CASE 
First we consider the general compactly generated abelian case: Let G be 
a compactly generated locally compact abelian group. Then it is known 
that G contains a discrete finitely generated subgroup H such that G/H is 
compact (see Ref. [2, Theorem 9.31). For elements a,, . . . . a, E G we say that 
(a,, . . . . a,,) is a non-Liouoille n-tupfe iff there is a discrete finitely generated 
subgroup H of G such that G/H is compact and (~,(a,), . . . . ~~(a,,)) is a 
non-Liouville n-tuple in G/H. 
As in the compact case we obtain: 
5.1. THEOREM. The following statements are equivalent: 
(a) dim TI,(G) = 1 and 
(b) there are elements a,, . . . . a, E G and b,, . . . . b, E G (n, m E N ) such 
that b,, . . . . b,, are generators of a discrete subgroup of G, (a,, . . . . a,) is a non- 
Liouville n-tuple, and dim TI;,,, ,.,Lln, h,, ,,,(G) = 1. 
Proof: For (a) * (b) we fix a discrete subgroup H of G with generators 
b,, . . . . b,, such that G/H is compact. By Reduction 3 we get from (a) that 
dim TIG:H(G/H) = 1. By 3.1 we have elements a,, . . . . a, E G such that 
(nH(u, 1, ..., ~,,(a~)) is a non-Liouville n-tuple in G/H; so (a,, . . . . a,) is a 
non-Liouville n-tuple in G. Again by 3.1, dim TZIX,+,, ,,,* .Ca,,i(G/H)= 1, 
hence by Reduction 3 we get dim TI (u,, . . . . a,.tq. . . . . b,)(G) = 
dim TI !U ,,..., ,),,JG) = 1. (b) =- (a) is obvious. 
If G is an arbitrary abelian locally compact group, then it is known that 
G contains an open compactly generated subgroup H [2, (5.14)]. So by 
Reduction 1, the TILF problem on G can be reduced to that on H. 
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5.2. THEOREM. Let G be a locally compact abelian group. Then the 
following statements are equivalent: 
(a) dim TI,(G)= I; 
(b) for all compactly generated open subgroups H of 
elements a,, . . . . a,, E H such that dim TIl, ,,,.., .“;(G) = 1; and 
(c) there exists an open, compactly generated subgroup 
elements a,, . . . . a,, E H with dim,TI+,,, ..,, &G) = 1. 
Proof Reduction 1 and 5.1. 
G there are 
H of G and 
An abelian locally compact group G is called polythetic iff there is a 
finite subset B of G such that [B] = G, where [B] denotes the subgroup of 
G generated by B. By Ref. [ 18, Theorem 41, every polythetic abelian locally 
compact group is compactly generated. In view of the following 
proposition, any locally compact abelian group G satisfying 
dim n,(G) = 1 for a finite subset B of G must be polythetic and hence 
compactly generated. 
5.3. PROPOSITION. Let G be a locally compact abelian group and B a sub- 
set of G. Then dim TZ,(G) = 1 imph’es [B] = G. 
Proof Let dim TI,( G) be equal to 1. Assume that [B] 5 G. Then 
there is an element .Y E G\[B] and an element r E &i { I} (where 1 denotes 
the trivial character of G) such that t(x) # 1 and t(y) = 1 for all JJE [B]. 
As 6 - -‘b is an element of Ker fiG = A,(G) there are elements 
S , , . . . . S,, E b’(G) and b,, . . . . b,, E B such that 
Evaluating the above equation at both sides for the argument 5, we get the 
contradiction 
l-<(x)= i (l-Qb,,))S,.(4)=0. 
B= I
6. EXAMPLES 
First we consider the group G = T’, where I is an arbitrary set. 
6.1. THEOREM. The following are equivalent: 
(a) dim TZo(G)= 1, 
TILFs ON 8’(G) 11 
(b) card 16 c (where c is the cardinality of the continuum), and 
(c) there is an element a E G such that (a) is non-Liouville in G. 
Proof. (a)-(b): Follows from 3.1 and 5.3 as G is not polythetic if 
card I> c (see Ref. [ 18, Theorem I] ). 
(b)*(c): In [ 17, Theorem 11, it is shown that for card I< c there is a 
family (aj),, I of real numbers such that with a := (xz(ai))is,r (a) is non- 
Liouville. 
(c)=(a): Follows from 3.1. 
By Reduction 3 we immediately get from 6.1: 
6.2. COROLLARY. Let G be a group of type G = R” x T” x D, where D is 
any discrete abelian group and n, m E N. Then there is an element a E G such 
that TI IU/ v(L”x (Oi x .,(G) has dimension 1. 
If G is a protinite abelian group, that is, projective limit of finite abelian 
groups, the converse of 5.3 is also true. We have: 
6.3. PROPOSITION. Let G be a profinite group and B a subset of G. Then 
dim TZ,( G) = 1 iff [B] = G. 
Proof: If G = proj lim(A, G,, prlg(c(, fl E A, a </I)), where every G, is a 
finite abelian group, then 
dim n,(G) = 1 
*B contains a finite subset {a,, . . . . a,,} such that (a ,,..., a,) is a 
non-Liouville n-tuple 
=-for all a E A (pr,(a,), . . . . pr,(a,)) is a non-Liouville n-tuple in G 
(pr, denoting the canonical projection from G into G,) 
*for all aEA [pr,(a,), . . . . prx(an)]=G, 
= [a,, . . . . a,,] = G. 
So in the case of a prolinite abelian group G we have the following 
equivalence: 
dim 7’1,( G) = l* G is polythetic. 
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